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The theoretical formula for the entropy production rate in the presence of spin current is derived
using the spin-dependent transport equation and thermodynamics. This theory is applicable re-
gardless of the source of the spin current, for example, an electric field, a temperature gradient, or
the Hall effect. It reproduces the result in a previous work on the dissipation formula when the
relaxation time approximation is applied to the spin relaxation rate. By using the developed theory,
it is found that the dissipation in spin Hall geometry has a contribution proportional to the square
of the spin Hall angle.
PACS numbers:
Reducing the power consumption in spintronics devices
is an important problem for both fundamental physics
and practical applications. Therefore, the development
of a theory of dissipation (heating) due to the spin cur-
rent is an attractive topic in this field1–4. In 2011, Tula-
purkar and Suzuki1 investigated the dissipation in a one-
dimensional ferromagnetic multilayer using the Boltz-
mann equation, where the spin current is driven by the
electric field Ex
1. In this case, the electric current density
carried by spin-ν electrons (ν =↑, ↓ or ±) is expressed as
Jc,ν = σνEx, where σν is the conductivity of the spin-ν
electrons. They found an additional contribution propor-
tional to β2/(1 − β2) to the conventional Joule heating
σE2x, where σ = σ↑ + σ↓ and β = (σ↑ − σ↓)/σ are the
total conductivity and its spin polarization, respectively.
On the other hand, several methods of generating spin
current, such as nonlocal spin-injection by diffusion5–7,
spin pumping by ferromagnetic resonance8–10, the spin
Hall effect due to spin-orbit interaction11–16, the spin
Seebeck effect due to heating17–21, and spin hydrody-
namic generation by fluid dynamics22,23, have recently
been proposed theoretically and also demonstrated ex-
perimentally. The spin currents driven by these effects
are not described by the Boltzmann equation used in
Ref.1. From this perspective, it is unclear whether the
dissipation formula derived in a previous work1 is still
applicable to these cases. Therefore, it is desirable to
derive a dissipation formula of the spin current, that is
independent of the explicit form of the source term (driv-
ing force) of the current.
In this letter, we derive the theoretical formula of
the entropy production rate for systems having spin-
dependent transport properties by using the continuous
equation of the spin current and thermodynamics. The
derived formula is applicable regardless of the source of
the spin current because it requires no explicit specifi-
cation of the form of the current. We also show that
the present formula reproduces the dissipation formula
derived by Tulapurkar and Suzuki1 when the relaxation
time approximation is applied to the spin relaxation rate.
We apply the present formula to derive the dissipation in
the spin Hall geometry, and find a contribution propor-
tional to the square of the spin Hall angle.
We first consider the spin-dependent transport of elec-
trons in condensed matter, where the particle density nν
and current density jν of spin-ν electrons satisfy
∂nν
∂t
+∇ · jν = −ϕν , (1)
where ϕν is the spin relaxation rate. Because of the con-
servation law of the particle number, ϕν should satisfy
ϕ↑ + ϕ↓ = 0. The particle current density jν is related
to the electric current density via Jc,ν = −ejν , where
e = |e| is the elementary charge. The total electric cur-
rent density is Jc = Jc,↑+ Jc,↓, whereas the spin current
density is Js = [~/(−2e)](Jc,↑ − Jc,↓). There are several
sources of the current Jc (or Jc,ν). For example, when
an external electric field E drives the current, Jc is given
by σE. On the other hand, the current density is given
by Jc = σS∇T when a temperature gradient drives the
current, where S and T are the Seebeck coefficient and
the temperature, respectively. We emphasize that the
following derivation of the entropy production rate for-
mula is independent of the explicit form of Jc. In other
words, the following calculation is applicable not only to
the one-dimensional system with an electric field studied
in Ref.1 but also to other systems.
The total energy density E consists of the internal en-
ergy density u and potential energy density W , where
W = −
∑
ν=↑,↓ enνV with an electric voltage V . There-
fore, the change in the total energy density E is
∂E
∂t
=
∂u
∂t
+
∂W
∂t
. (2)
Similarly, the energy current density jE is related to the
internal energy current density ju and the particle current
density of the spin-ν electrons jν via
jE = ju +
∑
ν=↑,↓
(−eV )jν . (3)
The total energy density E and the energy current den-
sity jE satisfy the energy conservation law
∂E
∂t
+∇ · jE = 0. (4)
2In the steady state, ∇ · jE = 0. Then, we find that the
Joule heating formula,∇ · ju = Jc ·E, is reproduced from
Eq. (3) and the conservation law of the particle number,∑
ν=↑,↓∇ · jν = 0, where the electric field is related to
the electric voltage V via E = −∇V .
According to thermodynamics, the change in the in-
ternal energy density is24
∂u
∂t
= T
∂S
∂t
+
∑
ν=↑,↓
µν
∂nν
∂t
, (5)
where S is the entropy density, and µν is the chemical
potential of the spin-ν electrons. The electrochemical
potential is µ¯ν = µν−eV . We also define the heat current
density jq as
jq = ju −
∑
ν=↑,↓
µνjν . (6)
From Eq. (3), the energy and heat current densities are
related as
jE = jq +
∑
ν=↑,↓
µ¯ν jν . (7)
Using Eqs. (1)-(7), we find that
T
∂S
∂t
= −∇ · jq −
∑
ν=↑,↓
jν ·∇µ¯ν +
∑
ν=↑,↓
µ¯νϕν . (8)
The equation can be rewritten as
∂S
∂t
+∇ ·
jq
T
= jq ·∇
1
T
−
1
T
∑
ν=↑,↓
jν ·∇µ¯ν+
1
T
∑
ν=↑,↓
µ¯νϕν .
(9)
The right-hand side of Eq. (9) is the entropy produc-
tion rate24 including the spin degree of freedom. The
last term of Eq. (9) appears from the spin-dependent
relaxation rate and has not appeared in the classical the-
ory of dissipation, which does not take the spin current
into account25. Note that the derivation of Eq. (9) is
independent of the explicit form of the particle current
density. Therefore, Eq. (9) is general and valid for any
type of spin current source (driving force), as emphasized
earlier.
Tulalpurkar and Suzuki1 derived a different form of the
entropy production rate formula in terms of the electro-
chemical potential µ¯ = (µ¯↑+ µ¯↓)/2 and the spin accumu-
lation δµ = (µ¯↑−µ¯↓)/2 by using the Boltzmann equation.
Here, we show that the result in Ref.1 is reproduced from
Eq. (9) by applying the relaxation time approximation26
to the spin relaxation rate given by
ϕν =
nν
2τνsf
−
n−ν
2τ−νsf
, (10)
where τνsf is the spin-flip relaxation time from the spin-
ν state to the opposite spin state. The nonequilibrium
particle density, nν , is related to the density of state Nν
at the Fermi level εF via nν = Nν(µν−εF). The detailed
balance, Nν/τνsf = N−ν/τ
−ν
sf , is satisfied in the steady
state27. Using Eq. (10) and these relations, we find that
∑
ν=↑,↓
µ¯νϕν =
(1− β2)
e2ρℓ2
(δµ)
2
. (11)
The spin diffusion length ℓ is defined as
1
ℓ2
=
e2
2
(
N↑
σ↑τ
↑
sf
+
N↓
σ↓τ
↓
sf
)
=
1
2
(
1
D↑τ
↑
sf
+
1
D↓τ
↓
sf
)
,
(12)
where the diffusion coefficient Dν is related to the con-
ductivity of the spin-ν electrons, σν , by the Einstein re-
lation, σν = e
2DνNν . We also find from Eqs. (1) and
(10) that
∇ · (j↑ − j↓) = −
(1− β2)σ
e2ℓ2
δµ. (13)
Substituting Eq. (13) into (11), we obtain∑
ν=↑,↓
µ¯νϕν = − [∇ · (j↑ − j↓)] δµ. (14)
Substituting Eq. (14) into Eq. (9) and using the conser-
vation law of the particle current, ∇ · (j↑ + j↓) = 0, we
find that
∂S
∂t
+∇·
jq
T
= jq·∇
1
T
−
1
T
∇·[(j↑ + j↓) µ¯]−
1
T
∇·[(j↑ − j↓) δµ] .
(15)
The second and third terms on the right-hand side of
Eq. (15) include the electric and spin current densities,
Jc = −e(j↑ + j↓) and Js = (~/2)(j↑ − j↓), respectively.
Equation (15) is identical to the dissipation formula in
Ref.1 derived using the Boltzmann equation. We denote
the right hand side of Eq. (15) as ΣV for convenience,
that is,
ΣV = jq ·∇
1
T
−
1
T
∇ · [(j↑ + j↓) µ¯]−
1
T
∇ · [(j↑ − j↓) δµ] .
(16)
We emphasize that ΣV is the bulk entropy production
rate. Similarly, the interface entropy production rate is
given by1
ΣA = nˆ·jq∆
1
T
−
1
T
nˆ·[(j↑ + j↓)∆µ¯]−
1
T
nˆ·[(j↑ − j↓)∆δµ] ,
(17)
where nˆ is the unit vector normal to the interface, and
∆(1/T ), ∆µ¯, and ∆δµ are the differences in 1/T , µ¯, and
δµ at the interface, respectively. We assume that the
heat, electric, and spin currents are continuous at the
interface. The total entropy production rate is given
by the sum of Eqs. (16) and (17) integrated over the
volume and interfaces, respectively. For example, let us
3consider the total entropy production rate in the current-
perpendicular-to-plane spin valve consisting of two ferro-
magnets, F1 and F2, and a nonmagnet N. Assuming that
the electric current flows along the x direction, and sum-
ming the bulk entropy production rates ΣV in the F1, N,
and F2 layers and the interface entropy production rates
ΣA at the F1/N and N/F2 interfaces, the total entropy
production per unit area per unit time becomes
∫ F1/N
−∞
dxΣV +ΣA(F1/N) +
∫
N
dxΣV +ΣA(N/F2) +
∫ ∞
N/F2
dxΣV
=
Jc
eT
[µ¯(∞)− µ¯(−∞)] ,
(18)
as derived in Ref.1, where the system is connected to the
electrodes at x → ±∞. We assume that limx→±∞ δµ =
0 and the temperature profile is uniform. Note that
µ¯(∞) − µ¯(−∞) in Eq. (18) is the potential difference
between the electrodes, which drives the electric current.
The entropy production rate originating from the spin
Hall effect is calculated in a similar way, as shown be-
low. Similarly, when the system is connected to a heat
bath, the entropy production rate will be related to the
temperature difference between the boundaries, as im-
plied by the first terms of Eqs. (16) and (17). Another
example of the previously reported entropy production
rate is that in spin pumping4. In this case, a ferromag-
netic(F)/nonmagnetic(N) interface with the ferromagnet
in resonance plays a role similar to the electrodes in the
spin valve because the spin current is driven from this
interface. Then, as the result of an integral similar to
that in Eq. (18), the total entropy production rate per
unit area becomes [Js/(~T/2)](δµN − δµF) as studied in
Ref.4, where Js, δµN, and δµF are the total spin current
pumped at the F/N interface and the spin accumula-
tions at the interfaces of the N and F layers, respectively.
We note that Js and δµN − δµF in this expression cor-
respond to Jc and µ¯(∞) − µ¯(−∞), respectively, in Eq.
(18). In both cases, the total entropy production rate
per is given by the current multiplied by the energy (po-
tential difference) driving this current, as expected from
thermodynamics24.
Now let us apply the above formula to estimate the
dissipation due to the spin current by considering the
spin Hall system as an example. The system under con-
sideration is shown in Fig. 1, where an electric field, Ex,
applied to a nonmagnet along the x direction drives the
spin-dependent electric current Jc,ν . The length along
the x direction, the width along the y direction, and the
thickness along the z direction are denoted as L, w, and
d, respectively. We assume a homogeneous temperature
profile, that is, ∇T = 0, for simplicity. The spin-orbit
interaction in the nonmagnet scatters the electrons in
the transverse direction, where the scattering direction
is spin-dependent. In the spin Hall geometry, the electric
current densities carried by the spin-up and spin-down
d
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FIG. 1: (a) Schematic view of the spin Hall system. (b)
Dependence of the second term of Eq. (25), divided by the
cross-sectional area Lw, on the thickness of the nonmagnet d.
Inset shows the total dissipation [sum of the first and second
terms of Eq. (25)].
electrons are given by
Jc,↑ =
σN
2e
∇µ¯↑ +
ϑσN
2e
sˆ×∇µ¯↑, (19)
Jc,↓ =
σN
2e
∇µ¯↓ −
ϑσN
2e
sˆ×∇µ¯↓, (20)
where σN, ϑ, and sˆ are the conductivity of the nonmag-
net, the spin Hall angle, and the unit vector pointing in
the direction of the spin polarization, respectively. The
electric current density and spin current density are
Jc =
σN
e
∇µ¯+
ϑσN
e
sˆ×∇δµ, (21)
Js = −
~σN
2e2
∇δµ−
~ϑσN
2e2
sˆ×∇µ¯. (22)
It was shown28 that the relaxation time approximation is
applicable to the diffusion equation of the spin accumula-
tion δµ. Thus, Eq. (15) can be used to derive the entropy
production rate formula in the spin Hall geometry.
We assume that the width w is sufficiently large, and
the spatial variations of µ¯ and δµ along the y direction are
negligible, as in the case of the experiments. Then, the
spatial derivatives of µ¯ and δµ are given by ∇(µ¯/e) =
Exex + ∂z(µ¯/e)ez and ∇(δµ/e) = ∂z(δµ/e)ez, respec-
tively. Applying the open circuit conditions of the elec-
tric current along the z direction, we find that ∂zµ¯ = 0.
Thus, the electrochemical potential is µ¯ = eExx. On the
other hand, by solving the diffusion equation of the spin
accumulation δµ with the open circuit conditions of the
spin current and Eq. (22), the solution of δµ is given by
δµ =
−eϑExℓ
sinh(d/ℓ)
[
cosh
(
z − d
ℓ
)
− cosh
(z
ℓ
)]
, (23)
where ℓ is the spin diffusion length of the nonmagnet.
Note that the spin accumulation is related to the elec-
tric current along the x direction as ex · Jc = σNEx +
(ϑσN/e)∂zδµ. Let us denote Eq. (16) integrated over the
volume of the nonmagnet and multiplied by the tempera-
ture as ∂QV /∂t =
∫
dxdydzTΣV , which is the dissipation
(heating) per unit time in this system. Using the above
4result, ∇(µ¯/e) = Exex, and applying the open-circuit
condition to the spin current, we find that
∂QV
∂t
=
∫
dxdydz
(
σNEx +
ϑσN
e
∂zδµ
)
Ex. (24)
Substituting Eq. (23) into Eq. (24), we find that
∂QV
∂t
= σNE
2
xLwd+ 2ϑ
2σNE
2
xLwℓ tanh
(
d
2ℓ
)
. (25)
The first term of Eq. (25) is the conventional Joule heat-
ing, which is the product of the electric current density
σNEx and the electric field Ex integrated over the vol-
ume. On the other hand, the second term represents the
contribution of the inverse spin Hall effect to the dissi-
pation. This term is proportional to the square of the
spin Hall angle and becomes saturated for a thickness
sufficiently thicker than the spin diffusion length. Figure
1(b) shows an example of the dependence of the second
term of Eq. (25) on the thickness of the nonmagnet, d.
In the figure, the second term of Eq. (25), shown on the
vertical axis, is divided by the cross-sectional area in the
xy plane (Lw), that is, 2ϑ2σNE
2
xℓ tanh[d/(2ℓ)]. The val-
ues of the parameters are ρN = 1/σN = 3000 Ωnm, ℓ = 2
nm, and |ϑ| = 0.1, which are typical values found in ex-
periments for nonmagnetic heavy metals14,15,29,30. The
electric field is Ex = Jc0/σN, where the current density
is Jc0 = 10
6 A/cm2. As shown, this dissipation is on
the order of 10 fJ/(nm2s), which is comparable to that
found in the other system4. Because the spin Hall angle
is small, this dissipation is much smaller than the total
dissipation, which is shown in the inset of Fig. 1(b).
In conclusion, we developed a comprehensive theory of
dissipation due to a spin current by using the continuous
equation of the spin current and thermodynamics. A for-
mula for the entropy production rate that is applicable
regardless of the spin current was derived. The previous
work by Tulapurkar and Suzuki1 is reproduced when the
relaxation time approximation for the spin relaxation is
applied to the present theory. We also found an addi-
tional term proportional to the square of the spin Hall
angle contributing to the conventional Joule heating in
the spin Hall geometry.
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